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Abstract

The composition probability density function (PDF) method is used to study radiating reactive flows. The
method is able to treat turbulence—radiation interactions (TRI) in a rigorous way: many unclosed terms due to
TRI in the traditional Reynolds-averaging process can be calculated exactly and all others can be accurately
modeled by using the optically thin eddy approximation. The application of the method is demonstrated by
considering a simplified methane/air diffusion flame, which shows enhancement of the radiative fluxes as a
result of TRI. The importance of considering different TRI terms is investigated, indicating that the absorption
coefficient—Plank function correlation is the most important. © 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

In order to predict radiative heat transfer accurately in many practical turbulent flows, it is nec-
essary to couple the radiation calculation with turbulence calculations. This requires the solution of
many coupled partial differential equations. In practice, these equations need to be Reynolds or Favre
averaged. The difficulty comes in the averaging process: many unclosed terms appear as a result of
turbulence—radiation interactions (TRI) and need to be modeled. Traditional moment methods fail to
obtain closure for these terms because too many additional partial differential equations need to be
modeled and solved simultaneously, which generally exceeds the power of current computers [1].
As a consequence, traditional modeling of radiating reactive flows has generally ignored TRI, i.e.,
radiation calculations have been based on mean temperature and concentration fields [2], although
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experimental work has suggested that mean radiative quantities may differ significantly from those
based on mean scalar values [3].

Some efforts have been made to couple radiation and turbulence calculations in a more rigorous
way. Song and Viskanta [4] have investigated a turbulent premixed flame inside a two-dimensional
furnace. While TRI were considered, in order to obtain closure for their governing equations cor-
relation functions for gaseous properties had to be assumed. Gore et al. [S] and Hartick et al. [6]
applied this approach to the study of diffusion flames, in which extended & — & — g models were
used. To consider TRI, the shape of the probability density function of mixture fraction and total
enthalpy had to be prescribed.

Mazumder and Modest [1] used the velocity—composition PDF method to investigate TRI. In their
method, velocities, species concentrations and temperature were treated as random variables and the
probability density function of these variables were considered. The uniqueness of this method is
that it can resolve various interactions between turbulence, chemical reactions and radiative transfer.
Using this method, Mazumder and Modest were able to calculate many unclosed terms due to
TRI exactly. One of the disadvantages of this method is that its solution technique, the so-called
PDF/Monte Carlo method, is relatively CPU intensive. In addition, the velocity—composition PDF
method, although powerful in potential, is still at an early stage of development, making it difficult
to apply to general 2D and 3D problems.

A similar approach, called the composition PDF method, will be used in this study, in which
only species concentrations and temperature/enthalpy (called the composition variables, since they
determine the composition of the mixture) are treated as random variables. The composition PDF
method has been developed and successfully used in numerical simulations of nonradiating reactive
flows [7]. The most remarkable feature of this method is that it can treat chemical reactions exactly—
without resorting to any combustion model. It will be shown in this paper that, in radiating reactive
flows, the composition PDF method is able to treat TRI more rigorously as well. The application of
this method is illustrated by considering a simple methane/air diffusion flame.

2. Gas radiation calculations and TRI in radiation reactive flows

In a problem where thermal radiation is significant, the energy equation needs to include a radiative
source term

o0
Sradiation = —V - qR - _/ K'I(47T1brl - Gn)d”: G'7 = / [’7 dn, (1)
0 4n

where g® is the radiative heat flux vector; K, is the spectral absorption coefficient of the radiating
gas, Ib,? is the spectral blackbody intensity (or Planck function), and G, is the spectral incident
radiation, which is the spectral radiation intensity /, integrated over all solid angles.

One challenge in gas radiation calculations comes from the strong spectral dependence of
radiation properties. Although line-by-line calculations can be used for best accuracy, such cal-
culations are too time-consuming for any practical combustion system. Global methods such as the
Weighted-Sum-of-Gray-Gases Model (WSGG) are commonly used [8]. Recently, the full-spectrum
correlated-k distribution method (FSCK) has been developed by Modest and Zhang [9], and has
been shown to be superior to the WSGG model, to which it reduces in its crudest implementation.
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The method is exact within its limitations [gray walls, gray scattering properties, spectral absorption
coeflicient obeying the so-called scaling approximation, i.e., the spectral and spatial dependence of
the absorption coefficient are separable (1, ¢) =k, (n)u(¢) where ¢ are the composition variables]
and will be used in this study. N N B

In the FSCK method the spectrally dependent part of the absorption coefficient, k,, which oscillates
rapidly in spectral space, is reordered as a function of an equivalent fractional Planck function g
(which is the cumulative distribution function of the absorption coefficient calculated over the whole
spectrum and weighted by the Planck function). The advantage of the reordering is that k is much
better behaved in g space (e.g., monotonically increasing and free of discontinuities). Generally, the
reordered & also depends on temperature. However, in order to use arbitrary RTE solution techniques,
a one-to-one correspondence between £ and g is required. This is accomplished in the FSCK method
by choosing a fixed reference temperature to obtain k(g) and moving the temperature dependence
to a weight function a (which is the ratio of the two k-distributions at the temperature of interest
and at the reference temperature). As a result, the radiative heat source term can be rewritten as

1
Sradiation = - / kgu(4naglb - Gq) dg, (2)
0

where the dependence of the variables has been changed from wavenumber # to fractional Planck
function g. Since & is monotonically increasing and free of discontinuities, integration over g space
is much simpler, needing far fewer points to represent the spectral features of gas radiation than
would be required in unordered spectral space. In practical calculations, the integration is replaced
by numerical quadrature. If Gaussian quadrature is used, Eq. (2) becomes

M
Sradiation ~ _Z C‘)jkjl/‘(“'rmjlb - Gj)v (3)

J=1

where M is the total number of quadrature points and the w; are the quadrature weights. The incident
radiation G; must be determined by solving the radiative transfer equation (RTE). Among the many
solution techniques available, one of the simplest, yet very powerful method is the P, approximation,
which reduces the equation of transfer from a very complicated integral equation to a relatively
simple partial differential equation. For the vast majority of important engineering problems (i.e.,
in the absence of extreme anisotropy in the intensity filed), the method provides high accuracy at
very reasonable computational cost. Furthermore, the P; approximation can easily be combined with
sophisticated spectral models such as the FSCK method. Within the P; approximation, the incident
radiation is governed by a Helmholtz equation, i.e. [10],

1
J
subject to the boundary condition,
2(2 —
- Chnd) - 4.6, = ku(4nal, - G), (5)

where ¢ is the emittance and 7 is a unit normal at a boundary surface. The values of k;(g;), u(¢)
and a;(T,g;) are obtained from a pre-calculated FSCK data base.
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To couple radiation with flow calculations, the radiative source term and the P; equation need to
be Reynolds averaged, leading to

M
(S) radiation ~ —Z a)jkj[47r<uaj]b> — <qu>]’ ©)
=1
1 1 .
V- 7 ;VGj =k;j(uG;) — 4nk;(ua;l,), j=1,...,M, Q)
i

where Reynolds-averaged means are represented by angle brackets. As a result of TRI three terms,
ki(uaily), k;(uG;) and (VG;/u), representing correlations between dependent variables, need to be
modeled. Different unclosed terms may arise in the Reynolds averaging process if different RTE so-
lution techniques or different gas radiation models are used. However, all of them can be categorized
into two groups: (a) correlations which can be calculated from the composition variables ¢ only,
and (b) correlations which cannot. Unclosed terms such as k;(ua;l) belong to group (a), since u, a;
and I, all are functions of the composition variables only. Terms such as k;(uG;), (VG;/u) belong
to group (b), because the G; are not part of the composition space. Correlations in group (b) can
be simplified for most practical turbulent reactive flows by using the optically thin eddy approxima-
tion as described by Kabashnikov and Myasnikova [11]. They suggested that the instantaneous local
intensity of radiation is formed over a path traversing several turbulent eddies; therefore, it is only
weakly correlated to the local radiative properties. The same argument holds for the local incident
radiation, so that k;(uG;) ~ k;(u)(G;) and (VG;/u) =~ V(G;)/(u). As a result, all correlations needed
to model TRI belong to group (a), which, as shown in the next section, can be calculated exactly
using composition PDF methods.

3. Composition PDF methods

The philosophy of this approach is to consider the composition variables as random variables and
to consider the transport of their PDF rather than their finite moments. The great advantage of this
method is that the mean for any quantity Q, as long as it is a function of the composition variables
only, such as chemical reaction source term (S)reaction, k; (1), k;{ua;ly), etc., can be evaluated directly
from the PDF as

() = /O FOHOW) dy. (®)

In this equation, y/ represents the sample space variables corresponding to the composition variables,
v = (Y1, ¥a,...,¥) where s is the number of the composition variables (number of species plus
the enthalpy) and the last variable in that set is reserved for enthalpy; and (i) is the probability
density of the compound event ¢ = (i.e., ¢ = Y1, P2 = Yn,...,Ps = ), so that

/(%) dy = Probability(y < ¢ <y + dy). 9)

The composition PDF, f(y)), defined informally by Eq. (9), is the simplest form of the PDF methods,
since it carries information of the composition variables only, and it is only a one-point probability
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density function. However, since it contains all of the statistical information for the composition
variables, its determination is more useful than that of the mean values in many ways. In a general
turbulent reactive flow, the composition PDF is also a function of space, x, and time, ¢. The transport
equation for the composition PDF has been derived by Pope for nonradiating reactive flows [7]. For
radiating reactive flows, the transport equation for the mass density composition PDF, & (y,x,¢t) =
p(Y,x,t) f(Y,x,t), can be similarly derived, leading to n

o0F
;’ ox; a!ﬁ, reactlon(‘p)f]
d ! 7 0 l GJIP‘ 7 | — i L T
= — aﬁ)@[(”i ‘!)f] + awa |:< P o, l//> J"] 6% [<Srad1at10n/p‘£>f]’ (1())

where 7 and o are summation indices in physical space and composition space, respectively; and
variables with tildes and double primes are the Favre means of the variables and the fluctuations
about them, respectively. The notation of (4|B) is the expectation of the conditional probability of
event A, given that event B occurs.

On the left-hand side of Eq. (10), the first two terms represent the rate of change of the PDF when
following the Favre-averaged mean flow. The third term is the transport of the PDF in composition
space by chemical reactions. The processes represented by these terms are accounted for exactly.
In contrast, the terms on the right-hand side of Eq. (10) need to be modeled. The first two terms
represent transport in physical space due to turbulent convection and transport in scalar space due to
molecular mixing, respectively. They are usually modeled by using the gradient-diffusion hypothesis
and a simple mixing model such as Dopazo’s model [7], respectively, leading to

0F 1 J? 1 ~
—W'\WWF ~ I't— = —
<ul W)«/’ FT &X[ 5 < P 8x, W> 2C¢CU(I//9( d)x): (11)

where I’ T:cﬂ<p)a{;1k2/3 is the turbulent diffusivity, and &, ¢, ¢, and o, are, respectively, the turbu-
lent kinetic energy, dissipation rate of turbulent kinetic energy, a modeling coefficient in the standard
k—e turbulent model, and turbulent Schmidt or Prandtl numbers; finally, w = ¢/k is a turbulence
‘frequency’ and Cy is a model constant.

The third term on the right-hand side of Eq. (10) represents the contribution from thermal radiation,

M

0
_alﬁs [< rad1at10n/p“// Z @; alps k u(47mjlb - Gj)/p’$>g7]
u 0 u 0
=> 4nwjkjw[(uajlb/p)gf] -3 wjkjw[wq/p@ﬁ]. (12)
j=1 g j=1 s

The first term on the right-hand side of the above equation represents radiative emission and can be
considered exactly. The second term can be closed by adopting the optically thin eddy approximation,
as discussed earlier. This leads to

M d M d
ijkjw[wc;j/p@%] ~ Zw,-kwuuw/p)ﬁ]. (13)
Jj=1 s Jj=1 N
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As a result, the modeled transport equation for the composition mass density PDF can be written as

0F 0 0
j alﬁ areactlon(‘//)/] — 247'5(01 ]6lp [(ua,]b/p)J]
0 o0F 1 ~ M 0

which is closed and contains all necessary information for all composition variables.

The composition PDF transport equation is a partial differential equation in (4 + s) dimensions.
Traditional finite volume or finite element methods are very inefficient to solve an equation of
such high dimensionality. Instead, the Monte Carlo method is generally used, in which the PDF
is represented by a large number of computational particles. Each particle evolves in time and
space according to a set of stochastic equations and carries with it all composition variables. The
PDF is then obtained approximately as a histogram of the particles’ properties in sufficiently small
neighborhoods in physical space, and the mean quantities are deduced statistically by sampling the
particles.

The composition PDF equation does not include any velocity field information. To determine
velocities, turbulent diffusivity, turbulent time scales and incident radiation, which are required for
the composition PDF equations, a flow solver has to be run in parallel with the PDF/Monte Carlo
solver. A hybrid finite volume (FV)/PDF Monte Carlo method is used in this study, in which the
velocity field (& k,¢) and mean incident radiation (G;) are solved by a finite volume code. This
information is then transferred to the PDF Monte Carlo code, in which the composition variables
(species concentrations and enthalpy) as well as functions of them (such as (k;u) and (k;ua;l,)) are
solved. In turn, the PDF Monte Carlo code supplies updated density and other information which
is necessary for the solution of incident radiation for the finite volume code. The two codes are
closely coupled and exchange information during every iteration. An efficient hybrid FV/PDF Monte
Carlo method, which was developed by the present authors [12], will be used in the current study.
This method uses time step splitting and particle splitting and combination techniques, allowing the
PDF/Monte Carlo code to use any structured or unstructured grid system that is generated by the
finite volume flow solver. For details the reader is referred to that paper.

4. Test problem

The numerical simulation of a simple diffusion flame in an axisymmetric combustor has been
carried out to demonstrate the use of our model in the study of TRI. The same problem but in the
absence of radiation has been considered previously by the same authors [12] during the develop-
ment of an efficient hybrid FV/PDF Monte Carlo method. The problem is summarized here for the
convenience of the reader.

The geometry of the combustor is shown in Fig. 1. A small nozzle at the center introduces
methane at 80 m/s. Ambient air enters the combustor coaxially at 0.5 m/s. The overall equivalence
ratio is approximately 0.76 (about 28% excess air). The high-speed methane jet initially expands
with little interference from the outer wall, and entrains and mixes with the low-speed air. The
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Fig. 1. Geometry of the cylindrical combustor.

Fig. 2. The unstructured mesh used in the hybrid FV/PDF Monte Carlo method.

Reynolds number based on the methane jet diameter is approximately 28,000. Since the size of the
fuel nozzle is very small, a lot of mesh points need be placed in the center region near the inlet.
Two sets of unstructured meshes, one with 1247 nodes and 2317 cells and the other with 4753
nodes and 9103 cells were used to demonstrate grid-independence of the finite volume solution.
The coarse mesh was employed for the solution of this problem, which is shown in Fig. 2. To
obtain the flow field quantities, FLUENT [13] was used as the finite volume code, in which the
standard k—e model in conjunction with the use of wall functions were adopted. In the calculation,
the pressure/velocity coupling was handled by the SIMPLE algorithm and convection terms were
discretized by the second-order up-wind scheme. One key issue in the hybrid scheme is the passing
of information between the two codes. The PDF/Monte Carlo technique is a statistical method and,
hence, always has fluctuations associated with its solutions. If the level of these fluctuations is too
high, it may cause divergence or other computational difficulties when information is communicated
to the finite volume solver. Application of adaptive time step splitting and particle splitting and
combination, which were developed earlier [12], keeps statistical fluctuations low and no divergence
problems were observed in the finite volume code after the updated density field and coefficients
for equations G, were fed back from the PDF solver, even for low particle number densities, say
10 particles per cell on average. The conventional way to define residual error in the finite volume
method is meaningless in the hybrid FV/PDF Monte Carlo simulation because the statistical error
is generally larger than the truncation error. In the current study, the overall numerical error for a
variable ¢ after the jth iteration is defined as err = 1/N > | [¢] — ¢/ P/[¢) "2, where N is the
total number of nodal points. This error never converges to zero, but rather to a value representative
of the statistical fluctuation of the solution when steady state is reached. This level mainly depends
on the number of particles in the simulation and on the number of steps, which it takes an average
particle to cross the computational domain. If temperature is used to monitor the numerical error, a
value on the order of 10~* has been reached in the present calculation.

One of the strengths of the PDF approach is that multiple species and multiple-step chemistry
can be easily incorporated without introducing any approximation, so that it can handle a wide
range of combustion problems. But application of chemical kinetics requires to solve a set of stiff
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Fig. 3. Contours of equal temperatures.

ordinary differential equations for every particle during every iteration, which is extremely CPU
time intensive. Thus, despite the apparent flexibility of the PDF method for describing complex
chemistry in principle, as a first attempt to investigate such complex phenomena, the fast-chemistry
assumption is employed in the current study to conserve CPU time, in which an infinitely fast
chemical reaction rate is assumed at the particle level. While the fast-chemistry assumption has been
used with great success in combustion modeling (e.g., in Bilger’s flamelet model), it should be
recognized that finite-rate effects may be very important in many practical applications, especially
those involving flame ignition and/or extinction, or those involving predictions of minor species such
as soot, NO and other radicals. In those circumstances, consideration of chemical kinetics is essential
and radiation and turbulence are more closely coupled: TRI causes more emission, thus cooling down
the flame; and a temperature decrease in the flame may dramatically change the chemical reaction
rate, considering the strong nonlinearity of rate equations; this, in turn, changes the whole flame
structure. As a result, TRI are expected to be much stronger for situations with “slow” reactions.
This particular issue will be addressed in a follow-up paper [14]. In those situations, application of
the fast-chemistry assumption will provide a lower-bound estimate of the importance of TRI.

To investigate the TRI, numerical experiments were done under two different scenarios. First,
the problem was solved ignoring TRI, i.e., radiative properties as well as the Planck function were
evaluated at cell mean values, k;(u) ~ kju(¢) and k;(ua;ly) ~ kju{¢p)a;(T)I,(T). Then the problem

was solved again considering turbulence-radiation interactions, i.e., the terms k;(u) and k;(ua;l)
were calculated exactly. Comparing the results from these two different scenarios, the most obvious
difference is that the flame gets colder if TRI are considered. This can be observed from the tem-
perature contours as shown in Fig. 3. The peak temperature in the computational domain decreases
from 1985 to 1875 K. For this particular test problem, the difference of species concentration fields
for the two different cases is not as large as that of the temperature field. This is caused by the use
of the fast-chemistry assumption, in which chemical reaction rate is controlled by turbulent mixing
only and, therefore, is not sensitive to temperature change. If more realistic chemical kinetics were
incorporated the influence of TRI on concentration fields would be expected to be strong as well.
Besides the temperature field change, radiation fields also change significantly as a result of TRI.
Fig. 4 shows contours of the divergence of radiative heat flux, which indicates local radiative heat
loss from the flame. From the figure it is seen that radiative heat loss is generally larger if turbulence—
radiation interactions are considered in the calculations, especially in regions near the flame sheet
where turbulent fluctuations are larger. The total radiative heat loss from the combustor increases
from 22.0 to 29.1 kW (a 32% increase).
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Table 1
Approximations of two TRI terms for different scenarios

TRI term No TRI Partial TRI-1 Partial TRI-2 Partial TRI-3 Full TRI
kj(u) kju kju) kju kju kj(u)
kj(ua;ly) kjua;ly kj(uya;ly kjua;(Iy) kj(ua;ly) kj(ua;ly)

Since radiation and turbulence calculations are closely coupled, considering TRI completely
changes profiles of the composition variables. Therefore, a direct comparison sometimes may be
misleading. The role of TRI on radiative heat transfer can be better understood by isolating their
effects on the radiation calculations alone. This can be done by freezing the particle field (including
particles’ locations, particles’ species concentrations and their temperatures) at a point in time, and
then calculating radiation fields by ignoring TRI and considering TRI, respectively. To illuminate
different facets of TRI, three intermediate scenarios are also considered. Together with the case of
ignoring TRI and fully considering TRI, there are five scenarios to be investigated, namely no-TRI,
partial TRI-1, partial TRI-2, partial TRI-3 and full-TRI as summarized in Table 1, where quantities
evaluated simply from the mean composition variables are denoted with an overline. In TRI-1 only
the absorption coefficient self-correlation is considered, with the weighted Planck function evaluated
at mean property values; in TRI-2 only the influence of TRI on the mean Planck function is consid-
ered (sometimes referred to as ‘temperature self-correlation’); and in TRI-3, the effects of absorption
coefficient—Planck function correlation on emission are also included (but not on absorption). The
particle field of the fully converged solution for the full-TRI case was used for this comparison, and
Table 2 shows the overall energy balance, i.c., the calculated radiative heat loss from the combustor
and the calculated radiative heat fluxes through its three boundaries. Compared with the radiative
heat loss for the no-TRI case, the absorption coefficient self-correlation (TRI-1) does not show any
significant impact, indicating that this is not an important issue. This is expected, since the absorption
coeflicient is linearly dependent on species concentrations and almost linearly dependent on temper-
ature, so that k;(u) is close to k;iz, making the partial TRI-1 case similar to the no-TRI case. On the
other hand, the effect of temperature self-correlation (TRI-2) is important, increasing the radiative
source by about 30%. Thus, ignoring the temperature self-correlation (embodied in (/y)) is generally
unacceptable because of the strongly nonlinear temperature-dependence of the Planck function. But,
comparison with the full-TRI case shows that consideration of the temperature self-correlation alone
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Table 2
The computed total radiative heat loss from the combustor and the computed total radiative heat fluxes through the
boundaries

Different scenario IR QR dv JfA- gR ds (kw)

(kW) Inlet Wall Exit
No TRI 17.7 71.9 29.8 —84.0
Partial TRI-1 17.6 71.8 29.7 —83.9
Partial TRI-2 23.6 75.5 33.2 —85.1
Partial TRI-3 323 75.0 42.8 —85.5
Full TRI 29.1 74.9 39.7 —85.5
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Fig. 5. Profiles of gaseous emission at different cross-sections.

is not sufficient. Including the absorption coefficient—Planck function correlation raises the radiative
source another 50%; 20% of that are recovered by also considering the effects of absorption coeffi-
cient self-correlation on absorption (full TRI). To examine the differences in more detail, profiles of
the flame emission and radiative heat loss at three cross-sections are shown in Figs. 5 and 6. Fig. 5
shows that radiative emission is always enhanced by TRI. Absorption is also enhanced as a result
of TRI, but it cannot make up for the increase of emission, especially in regions near the flame
sheet; consequently, the radiative heat loss from the flame increases as shown in Fig. 6. In regions
that contain the flame sheet and where turbulent fluctuations are large, such as the cross-section at
x =0.25 m, emission and radiative heat loss increase by more than 30% if full turbulence-radiation
interactions are considered. Comparison of profiles for different scenarios gives the same trend as
that for total radiative heat loss: results of the no-TRI case are close to those of TRI-1, and results
from TRI-3 are close to those from the full TRI case, while results from TRI-2 fall between those
from the no-TRI and full TRI cases.
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Fig. 6. Profiles of radiative heat loss at different cross-sections.

5. Conclusions

The composition PDF method has been formulated to include effects of turbulence-radiation in-
teractions in a rigorous fashion. The use of this method in the study of TRI was demonstrated by
considering a simple methane/air diffusion flame in a cylindrical combustor. The calculations show
that, by ignoring turbulence-radiation interactions, the radiative heat loss is always underpredicted
and, consequently, temperature levels are generally overpredicted. Through freezing a particle field,
the importance of different TRI-related terms was illuminated. The absorption coefficient—Planck
function correlation was found to be more important than other correlations and needs to be calcu-
lated accurately in order to determine turbulence—radiation interactions. Although nonlinearity of the
Planck function on temperature is the severest among other functions, accurate determination of the
temperature self-correlation alone appears insufficient.
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