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In this paper, efficient spectral modules and random number databases are developed for
atomic and diatomic species for use in photon Monte Carlo (PMC) modeling of hyper-
sonic nonequilibrium flow radiation. To model nonequilibrium flow conditions, the qua-
sisteady state assumption was used to generate electronic state populations of atomic and
diatomic gas species in the databases. For atomic species (N and O), both bound-bound
transitions and continuum radiation were included and were separately databased as a
function of electron temperature and number density as well as the ratio of atomic ion to
neutral number density. For the radiating diatomic species of N2

�, N2, O2, and NO
databases were generated for each electronic molecular electronic system. In each mo-
lecular electronic system, the rovibrational transition lines were separately databased for
each electronic upper state population forming the electronic system. The spectral mod-
ule for the PMC method was optimized toward computational efficiency for emission
calculations, wavelength selections of photon bundles and absorption coefficient calcu-
lations in the ray tracing scheme. �DOI: 10.1115/1.4000242�
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Introduction
In recent years, there has been great interest in modeling of

igh-speed reentry vehicles, such as Stardust �1–3� and the up-
oming Crew Exploration Vehicle �4�. In these hypersonic reentry
ows, radiation effects significantly influence the prediction of the
eat shield design and efficiency �5�. For Stardust reentry flows,
he ratio of radiative heat flux to convective heat flux was inves-
igated in Ref. �6�, and was found to be sufficiently high for alti-
udes lower than 80 km �e.g., 20% at 68.9 km� that coupling
etween flow field and radiation calculations is required. For hy-
ersonic reentry flows, the ions and electrons inside the shock
ayer lead to complicated reactions among charged and neutral
articles, which affect nonequilibrium atomic and molecular en-
rgy distributions and radiation behavior. Olynick et al. �2� ap-
lied a continuum Navier–Stokes flow solver loosely coupled to
adiation and material thermal ablation models to predict the Star-
ust reentry flows at altitudes of 43–80 km and demonstrated the
mportance of coupling between flow field and radiation calcula-
ions. In their work, a simplistic quasi-1D tangent slab �TS� radia-
ive transfer equation �RTE� solver was used assuming equilib-
ium conditions, and the radiation calculations cannot be expected
o be accurate in highly nonequilibrium conditions.

To calculate radiation in nonequilibrium flows accurately, the
onequilibrium air radiation �NEQAIR� �7� code has been devel-
ped. In the NEQAIR code, the quasisteady state �QSS� assump-
ion is used to determine the excited state populations of nonequi-
ibrium gas species and, therefore, is considered the best line-by-
ine �LBL� solver for nonequilibrium flows. However, the
EQAIR LBL code, which includes a 1D tangent slab radiative

ransport solver, is so expensive that the code is not suitable for
adiation calculations for 2D or 3D flow fields. Thus, in the work
f Sohn et al. �8�, a NEQAIR-based efficient databasing scheme
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of emission and absorption coefficients was developed. In this
database, the QSS assumption is used to generate the electronic
state populations of atomic and diatomic gas species. Emission
and absorption coefficients for any given flow condition and
wavelength range are accurately calculated using the database and
its associated interpolation schemes as compared with NEQAIR
results. In Ref. �9�, the new database was used together with a 1D
tangent slab RTE solver and the atomic radiation field was pre-
dicted for a Stardust computational fluid dynamics �CFD� simula-
tion. The 1D RTE solver was integrated and loosely coupled with
a hypersonic CFD solver. Coupling was shown to reduce the total
heat load on the vehicle by about 3.5% at peak heating conditions
and decreases the shock stand-off distance by 10%.

Although the NEQAIR-based database provides a means for
accurate radiation calculations in nonequilibrium conditions, the
1D tangent slab radiative transport solver is not sufficiently accu-
rate to simulate radiation for 2D or 3D flow fields. In addition,
high-resolution LBL calculations require hundreds of thousands
RTE solutions and become too expensive for 2D or 3D flow fields.
For such cases, the photon Monte Carlo �PMC� method is accu-
rate and can be more efficient for strongly nongray radiation fields
and has been employed for such cases �10,11�. A general discus-
sion of the Monte Carlo method for radiative transfer can be
found in standard textbooks �12�. In this method radiative transfer
is modeled by allowing each cell to emit its emission energy in the
form of photon bundles �rays� into random directions. In Ref.
�11�, direct simulation Monte Carlo �DSMC� was used to study
the impact of radiation on the flow, loosely coupled with the
particle-based photon Monte Carlo �p-PMC� method of Wang and
Modest �10� for a Stardust reentry flow field. In the p-PMC
method employed in Ref. �11�, emission and absorption coeffi-
cients for atomic N and O were calculated by our new NEQAIR-
based line-by-line database �8�. However, it was found that tightly
coupled computations between DSMC and the p-PMC are too
expensive in the presence of millions of DSMC particles. Instead,
a finite volume �FV� PMC method is presently being developed

and close coupling between a FV-PMC and a CFD solver appears
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ore realistic. In order to couple a CFD solver with PMC radia-
ion calculations, the time-consumption for flow field and radia-
ion is approximately 3% and 97%, respectively. Even in such
ase, the PMC simulation will consume very substantial CPU
ime, making an efficient implementation crucial.

To carry out strongly nongray hypersonic PMC simulations
ith emission and absorption coefficients from many species,

ach depending on a large number of flow field variables, the
omputational efficiency of selecting wavelengths for photon
undles �rays� and of the computation of absorption coefficients at
iven wavelengths for each cell or each particle is crucial. In this
ork, we have developed new spectral modules and an emission

andom number database �ERND� for the PMC method to im-
rove its computational efficiency and to solve its storage size
ssues. The newly developed spectral modules and random num-
er databases can be used for both p-PMC and FV-PMC methods.
ince monatomic and diatomic gases behave in a very different
anner, radiatively speaking, separate databases have been con-

tructed for the important monatomic �N, O� and diatomic
N2

+ ,N2,O2,NO� radiating species.

Modeling of Spectral Module
The RTE for nonequilibrium hypersonic flow fields in the ab-

ence of scattering �13� may be written as

dI�,tot

ds
= ŝ · �I�,tot = ��,tot − ��,totI�,tot �1�

here I�,tot is the spectral radiative intensity of all species, ��,tot is
he �nonequilibrium� emission coefficient of all species, and ��,tot
s the absorption coefficient of all species. The total emission from
given cell of volume Vcl is

Eemis,cl =�
Vcl

�
0

��
4�

��,totd�d�dVcl = 4� � Qemis,tot � Vcl

�2�

here Qemis,tot is the total integrated emission energy per unit
olume per steradian and is equal to the summation of Qemis,i of
ll species in the cell. To calculate the total emission energy, the
ollowing cell-based variables are required:

1. four temperatures �Ttr ,Trot ,Tvib ,Te� �K�
2. radiating species �N, O, N2

+, N2, O2, NO� number densities
�cm−3�

3. N+ and O+ ion number densities �cm−3�
4. electron number density ne �cm−3�

In general, to simulate nonequilibrium hypersonic flows, four
emperatures can be calculated separately in DSMC �1�, while in
FD codes, only two or three temperature models are used �9�,
nd Te can be assumed to be the same as Tvib. In the PMC method,
he RTE is solved by tracing statistical photon bundles. This im-
lies that the total energy carried by all emitted photon bundles
ust be equal to Eemis,cl as given by Eq. �2�. So-called random

umber relations must be developed to obtain statistically mean-
ngful locations, directions, and wavelengths of emitted bundles as
xplained in detail by Modest �12�. While locations and directions
f photon emission are straightforward, emission wavelengths for
nonequilibrium gas mixture require special attention and are a

ocus of the present paper. In a hypersonic plasma, there are mul-
iple radiating species, each with multiple dependencies. First, the
mitting species for a given ray is selected, based on the ratio of
mitting energies for each species. A random number R��, uni-
ormly distributed from 0 to 1, is compared with the ratio of

mission energies. If

23406-2 / Vol. 132, FEBRUARY 2010
�i	isp−1Qemis,i

Qemis,tot

 R�� 


�i	isp
Qemis,i

Qemis,tot
�3�

the index of the emitting species for the ray is isp. The random
number for the wavelength selection is then adjusted

0 	 R� =
R�� � Qemis,tot − �i	isp−1Qemis,i

Qemis,isp

	 1 �4�

Following Modest �12�

R� =
Qemis,�

Qemis
=

��min

� ��d�

��min

�max��d�
�5�

where � is the corresponding wavelength of photon bundle emis-
sion from the isp species. A bisection method is used to select
wavelengths of photon bundles.

2.1 Construction of Atomic Database. Emission random
number databases �ERND� have been developed for conditions
that occur in nonequilibrium flows, based on our NEQAIR-based
emission and absorption coefficient database. Details on that da-
tabase can be found in the work of Sohn et al. �8�. Briefly, in the
atomic database, the excitation population is calculated using the
QSS model as a function of electron temperature Te, electron
number density ne, and the ratio of ion to neutral number density
n+ /na. In the ERND, the atomic lines for N and O are databased
and accumulated emission and absorption coefficient line
strengths are precalculated as a function of Te, ne, and n+ /na. N
and N+, and O and O+, respectively, are treated as single species
since they have common bound-bound �bb� lines. The transla-
tional temperature is needed to determine the Doppler broadening
line shape for each atomic line. Although the Doppler line shape is
used as a default setting, the broadening line shape can be
switched from the Doppler to the Voigt shape.

In addition to bb transitions, there are two other transition
mechanisms, which lead to changes in electronic energy levels by
emission and absorption of a photon, namely, transitions from a
bound state to an ionized state, called bound-free �bf� transition or
vice versa and transitions between two different continuum states,
called free-free �ff� transitions. Bound-free radiation occurs when
the upper state is ionized and the wavelength of the transition is
determined by the free electron energy. For most hypersonic re-
entry flows the contribution from ff transitions is negligibly small.
While the contribution of ff transitions are included as an option,
in the default setting of the module ff transitions are not consid-
ered. In the ERND, bb transitions are separated from bf and ff
transitions.

For bb transitions, the centerline wavelength �k �Å� and the
accumulated normalized emission coefficients are stored for each
line k, which is defined as

Qa,emis,k
� �Te,ne,n

+/na� = �
i	k

�a,i
� �Te,ne,n

+/na� �6�

i.e., the accumulated strength of all lines with �i
�k. The super-
script � denotes a normalized quantity �i.e., divided by na�. �a,i

� is
the normalized emission coefficient in units of W/sr for an atomic
line i and is obtained from

�a,i
� �Te,ne,n

+/na� = �a,i
c,� �

nU

na
�7�

where �a,i
c,� is the atomic normalized emission line strength of a

bound-bound transition, which is a constant. The electronic state
population, nU, is calculated as

nU = �F�Te,ne,iU�
n+

na
+ G�Te,ne,iU�	 � na �8�

where iU is an upper state electronic level between 1 and 22. �a,i
c,�,
iU, and F and G are acquired from our NEQAIR-based database,

Transactions of the ASME



w
f
f

d
w
fi
b
d
i
v
f
p

a

w
l
i
w
c
�
i
t
m
g
0
k
k

t
p

I
d

s
d
i

l
a
f
k
i
s
l
m
l

s
O
s
t

J

hich contains �a,i
c,� and iU for each bb line and the F and G

unctions are databased for each electronic level from one to 22
or a given set of Te and ne values.

For N and O, 170 and 86 atomic lines are included in the
atabases, respectively, and are sorted in order of increasing
avelength. Based on investigations of hypersonic reentry flow
elds �1,9�, the important range of the electron temperature Te has
een identified as 1000–28000 K; similarly for electron number
ensities ne, as 1�1013–4�1016 cm−3. For each electronic state

U the functions F and G have been databased for equidistant
alues of Te

0.1 �70 points� and �log�ne��0.1 �50 points�, which was
ound to provide best accuracy with a minimum number of data
oints.

For bb transitions, the partially integrated emission is calculated
s

Qa,emis,�
� =�

�min

�

�a,�
� �Te,ne,n

+/na,Ttr�d� = �
i	k1

�a,i
� �Te,ne,n

+/na�

+ �
k1
i	k2

�
�−bhw,max

�

�a,�,i
� �Te,ne,n

+/na,Ttr�d�

= Qa,emis,k1

� �Te,ne,n
+/na� + �

k1
i	k2

�a,i
� �

�−bhw,max

�

�i���d�

�9�

here ���� is the line broadening function. In Eq. �9�, first the
ine indices, k1 and k2, are selected as follows: k1 is the maximum
nteger with �k1
�−bhw,max, where bhw,max is a maximum half
idth of line broadening that needs to be considered �set to a

onstant value of 0.4 Å� and k2 is the maximum integer with
k2
�+bhw,max. In other words, k1+1 is the first line �in order of

ncreasing ��, whose �� is not yet totally integrated, while k2 is
he last line, which is affected at all be the integration. To deter-

ine k1 and k2, the number of accumulated lines from �min to a
iven wavelength is stored for 800–13,200 Å with a resolution of
.1 Å. The arrays contain k1 and k2 as a function of �, where
1,db��� is the number of lines for which �i
�−bhw,max and

2,db��� is the number of lines for which �i
�+bhw,max.
As seen from Eqs. �7� and �8�, �a,i

� is proportional to n+ /na, and
hus, the accumulated normalized emission of lines can be ex-
ressed as

Qa,emis,k
� = Ak �

n+

na
+ Bk �10�

n the ERND, Ak and Bk are stored for each atomic line at all
ifferent electron temperature and number density data points.

For bf and ff transitions, partially integrated normalized emis-
ion as a function of �, is stored for each Te, ne, and n+ /na con-
ition. For bf and ff transitions, the considered wavelength range
s �=500–6000 Å with a resolution of ��=10 Å.

The size of the ERND, including the accumulated emission
ines for bb lines, the integrated emission for bf and ff transitions
nd k1 and k2 information, is approximately 31 MB and 26 MB
or N and O, respectively. In Fig. 1, the line index database k1 and
2−k1 for N are shown. If k2 is not the same as k1 at a wavelength,
ntegrated line broadening is applied to the last term in Eq. �9�. As
een from Fig. 1, the maximum of k2−k1 is three and, thus, partial
ine broadening must be applied to at most three atomic lines. For

ost of the lines, we do not have to consider any overlapping of
ines.

2.2 Implementation of Atomic Spectral Module. In the
pectral module species indices of 1 and 2 are assigned for N and
, respectively. To utilize the atomic spectral module, one calls

ubroutines that read �i, �a,i
c,�, F�Te ,ne , iU�, and G�ne ,Te , iU� from
he database for each species �8�. The integrated emission energy

ournal of Heat Transfer
of each species per unit volume, Qemis,i, is interpolated for atomic
species following Eq. �9�, with Qemis=na�Qemis

� . For atomic spe-
cies, Te, na, na

+, and ne must be known to calculate the integrated
emission energy. Next, a bisection method is used to select a
wavelength following Eq. �5�. To this purpose a two-stage process
is applied, a coarse preselection, followed by a correction. For
both bb and continuum transitions, a spline interpolation scheme
is used to determine the normalized emission coefficient at a given
Te and ne. For a given n+ /na, the linear dependence is applied. To
reduce the CPU time for spline interpolation calculations, we use
linear interpolation for the preselection of wavelength.

The bisection method is used to find the resulting line �e.g.,
between 1 and 170 for N�. In the preselection, we only consider
accumulated bb line strengths and continuum contributions that
are calculated using linear interpolation for Te and ne and n+ /na.
Line broadening is not applied in the preselection calculations.
First the line index k is identified where k with Qa,emis,k

� /Qa,emis
�


R�. The accumulated atomic line strength Qa,emis,k
� from i=1 to

k is read from the ERND and �a,i
� is calculated as

�a,i
� = Qa,emis,i

� − Qa,emis,i−1
� �11�

For continuum radiation, linear interpolation is used in terms of
wavelength. The contributions of bb and bf transitions are
summed up at a given wavelength.

Once k has been identified, the limiting line numbers k1 and k2
for use in Eq. �9� are found with the aid of the pretabulated accu-
mulated lines versus wavelength array. A more accurate wave-
length is then found by the bisection method from a rearranged
Eq. �9�

�R�Qa,emis
� − Qa,emis,k1

� � = �
k1
i	k2

�a,i
� �̄i��� �12�

where the �̄i��� come from pretabulated array of partially inte-
grated line broadening functions. In the case of Doppler broaden-
ing this array is a function of 
�−�i
 /bD only. For Voigt broaden-
ing, it is a two-parameter dependence, also including the ratio of
Lorentz-to-Doppler broadening widths. The bisection method is
applied until a � accurate to 10−3 Å is found after which linear
interpolation is applied.

Since the emitted ray’s energy may be absorbed by any species,
the absorption coefficient of all species must be known at the
emission wavelength. To this purpose, the range of line numbers

Wavelength, Å

Li
ne

in
de

x

k 2
-k

1

5000 10000
0

50

100

150

1

2

3

4

k1

k2-k1

Fig. 1 Line index database of k1 and k2 as a function of wave-
length for N
kab,1
 i	kab,2 that can contribute to the absorption coefficient is
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etermined for all species, using the k1- and k2-arrays employed in
q. �9�.
The absorption coefficient, ���Te ,ne ,n+ /na ,Ttr�, is then calcu-

ated from the database �8� on the fly during ray tracing. The
bsorption coefficient of the ith bb line �i can be expressed as

�i = �a,i
c,�nU� nL

nU
− 1�

=�a,i
c,�na��F�iL� − F�iU��

n+

na
+ G�iL� − G�iU�	 �13�

or calculations, �a,i
c,�, F, and G are obtained from databases �see

ef. �8��. In each cell, the F and G functions are interpolated in
erms of electron temperature and number density. Using the in-
erpolated F and G functions, absorption cross sections for lines
etween kab,1 and kab,2 are calculated. The half-widths for line
roadening for lines between kab,1+1 and kab,2 are calculated, and
ine broadening is applied to the selected atomic lines. The bb
bsorption coefficient at a given wavelength is calculated as the
ummation of �i,� from kab,1+1 to kab,2. The bf and ff absorption
oefficients at a given wavelength are calculated separately from
he database �8� and are added.

2.3 Construction of Database for Molecules. For molecular
adiation, N2

+, N2, O2, and NO are considered in this work. A
pecies index is assigned for each species as follows: three for N2

+,
our for N2, five for O2, and six for NO. In the molecular species
atabase the excitation population is again calculated using the
SS model as a function of temperatures Ttr, Trot, Tvib, Te, ne, and

he appropriate heavy species’ number densities nh. First, the elec-
ronic systems for each electronic transition are separated, leading
o two electronic systems for N2

+, five for N2, one for O2, and 18
or NO based on the NEQAIR code for a total of 26 electronic
ystems as summarized in Table 1. For each molecular electronic
ystem, an expression of normalized emission line strengths for
ovibrational transitions can be found in Ref. �8� and the emission
oefficients can be calculated as

��,i = �m,i
c,�nU�i,� �14�

n the database of Sohn et al. �8�, �m
c,�, a constant, is stored for

ach rovibrational line for each molecular electronic system.
The rovibrational normalized line strength, �m,i

RV�Trot ,Tvib� is de-
ned as �m,i /nU

e �2JU+1� and is given by

�m,i
RV =

�m,i
c,�

�QRV�U
� exp�−

hc

kB
�G�VU�

Tvib
+

F�JU�
Trot

�	 �15�

ith �i, �m,i
c,�, −hcG�VU� /kB, and −hcF�JU� /kB databased �8�,

hile the rovibrational partition function �QRV�U is calculated on
he fly. The emission line strength for line i can simply be ex-

Table 1 Random number dat

pecies isp Number of bands

1 1
2 1

2
+ 3 2

2 4 5
2 5 1

O 6 18
ressed as

23406-4 / Vol. 132, FEBRUARY 2010
�m,i = nU
e,d�Ttr,Trot,Tvib,Te,ne,nh� � �m,i

RV�Trot,Tvib� �16�

where nU
e,d is defined as nU

e � �2JU+1� and is calculated by the
QSS method as a function of Ttr, Trot, Tvib, Te, ne, and nh.

Similar to the atomic species in Eq. �9�, the partially integrated
emission for each electronic system is calculated from

Qemis,��iband� =�
�min

�

���Te,ne,na,na
+,Trot,Tvib,Ttr�d�

= nU
e,d�Te,ne,na,na

+���
i	k1

�m,i
RV�Trot,Tvib�

+ �
k1
i	k2

�
�−bhw,max

�

��,i
RV��Trot,Tvib,Ttr��d�	

= nU
e,d�Te,ne,na,na

+��Qm,emis,k1

RV �Trot,Tvib�

+ �
k1
i	k2

��,i
RV�

�−bhw,max

�

�i���d�	 �17�

In this work, the accumulated emission line strength
Qm,emis,k

RV �Trot ,Tvib� is databased for each rotational and vibrational
temperature in the ERND. The modified upper electronic state
population nU

e,d is calculated on the fly for each flow condition.
The overall emission at a given wavelength for each species is the
summation over all molecular electronic systems. The ERND is
prepared separately for each molecular electronic system. For mo-
lecular radiation there are too many rovibrational lines to save all
line information for all rotational and vibrational conditions. Simi-
lar to what was shown in Fig. 1, Fig. 2 shows the line index of k1
and k2 as a function of wavelength for the N2

+�1−� transition mo-
lecular electronic system. For this system, the total number of
lines is 122,606 and the maximum of k2−k1 is 112 as shown in the
figure. Therefore, for most of the lines, we do have to consider
overlapping of lines for molecules. Instead of storing the line-by-
line information, Qm,emis,jdb

RV is stored with a resolution of �� jdb
for

each rotational and vibrational temperature and the total number
of lines for �i
�max for each molecular electronic system is also
stored. Qm,emis,jdb

RV is the accumulated �m,i
RV in units of W/sr between

�min and � jdb
, where � jdb

is the jdb-th wavelength in the database
�equally spaced with resolution ��db�. Between the data points,
the emission line strength of individual lines �m,i

RV is computed in
the main PMC calculations whenever necessary. In this manner
the values of k1 and k2 similar to the atomic case are determined.
For each rotational and vibrational condition, the partition func-
tion QRV, is calculated.

As for Te, described in the atomic database, rotational and vi-

ses for six radiating species

Transitions

170 bb transitions
86 bb transitions

N2
+�1−�, N2

+ �Meinel�
N2�1+�, N2�2+�, N2 �Birge–Hopfield 2�, N2 �Birge–

Hopfield�, N2 �Carrol–Yoshino�
O2 �Schumann–Runge�

NO�
�, NO���, NO���, NO���, NO�
��, NO����,
NO�C-A�, NO�D-A�, NO�B�-B�, NO�E-C�, NO�F-C�3��,

NO�H-C�, NO�H�-C�, NO�E-D�5��, NO�F-D�3��,
NO�H-D�, NO�H�-D�, NO�IR�
aba
brational temperatures are taken to range between 1000 and

Transactions of the ASME



2
o
a
t
t
�
l
c
g
t
m
s
l
e
e
s

l
l
n
s
r
t
t
i
a
s

p
l
f
o
n
l
a

v
m
t
v
N
s
s

−…

J

8,000 K. The values have been databased for equidistant values
f Trot

0.1 �35 points� and Tvib
0.1 �35 points�. For all electronic systems,

minimum wavelength �min, a maximum wavelength �max, and
he wavelength resolution ��db are specified. At the default set-
ing, �min and �max are 500 Å and 20,000 Å, respectively, and
�db is set to 2 Å. �min and �max can be different for each mo-

ecular electronic system but ��db is assumed to be the same
onstant value for all species. The information for k1 and k2 at a
iven wavelength � jdb

, is also databased for each molecular elec-
ronic system. At the default setting, the ERND size is approxi-

ately 63 MB for each molecular electronic system. Figure 2 also
hows the spectral normalized emission lines, �m,i

RV and accumu-
ated emission lines Qm,emis,jdb

for the N2
+�1−� transition molecular

lectronic system at temperatures equal to 5000 K. This shows an
xample of the ERND, indicating that for this electronic system
trong lines are located between 3850 Å and 3900 Å.

2.4 Implementation of Molecular Spectral Module. To uti-
ize the molecular spectral module, one needs to specify the mo-
ecular transition electronic systems to be considered. One sets the
umber of molecular species, and the number of electronic band
ystems. At the default setting, the numbers are set to four and 26,
espectively, �the ones listed in Table 1�. Each molecular elec-
ronic system to be included in the molecular radiation calcula-
ions is set individually as done in NEQAIR. The molecular line
nformation �i, �m,i

c,�, −hcG�VU� /kB, −hcF�JU� /kB, −hcG�VL� /kB,
nd −hcF�JL� /kB is read from our database �8� to calculate emis-
ion and absorption rovibrational line strengths.

In the main PMC calculations, one calculates electronic state
opulations and partition functions for each cell and each molecu-
ar species prior to ray tracing. The QSS calculations are per-
ormed by solving the four electronic states for the cell conditions
n the fly. Electronic state populations ne,d �Ttr ,Trot ,Tvib ,Te ,

e ,nh� and partition functions �QRV�U are calculated. These calcu-
ations need to be performed for all cells for both emission and
bsorption.

To calculate the integrated normalized emission energy per unit
olume, Qm,emis

RV , which is integrated from a minimum to a maxi-
um wavelength in Eq. �17�, one first obtains Qm,emis,jdb,max

RV from
he ERND and interpolates the data in terms of rotational and
ibrational temperatures. The upper state level iU, is read from our
EQAIR-based database and Qm,emis is multiplied by the upper

tate population nU
e,d. The total integrated emission energy for the
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Fig. 2 Line index database of k1 and k2 as a function of
accumulated lines at temperatures of 5000 K „right… for N2

+
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pecies per unit volume is calculated as the summation of Qm,emis
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over the electronic systems. The total emission energy of a cell is
calculated from Eq. �2�, and the number of photon bundles to be
emitted from the cell is decided on. Similar to the atomic spectral
module, based on the ratio of Qemis,i for a species to Qemis,tot we
determine, which species is emitting a photon bundle, by compari-
son with a random number, which is then scaled for the wave-
length selection by Eq. �4�.

For molecules, Qm,emis,jdb
in W /cm3 /sr is calculated as

Qm,emis,jdb
�isp� = �

bands

nU
e,dQm,emis,jdb

RV �18�

The emission wavelength is found in a two-stage process very
similar to the atomic species case. First limiting line numbers k1
and k2 are found, in this case from Qm,emis,j

RV , but in ��db incre-
ments rather than for each individual line. Consequently, for the
many lines of diatomic species, k1 and k2 may overshoot some-
what on the safe side. After k1 and k2 have been identified, the
actual emission wavelength is found by bisection of the remain-
der, identical to the atomic species as indicated in Eq. �12�.

Once a wavelength is selected, the absorption coefficient
���Ttr ,Trot ,Tvib ,Te ,ne ,nh�, is calculated similar to the atomic spe-
cies: the half width for line broadening at a given wavelength is
calculated and kab,1 and kab,2 are read from the line index data-
bases. Line broadening is then applied to lines between kab,1+1
and kab,2. The effective volumetric absorption coefficient line
strength for a rovibrational transition line is given by

�i,v = �m,i �
�i

5

2hc2 � � nL

nU
− 1� �19�

where

nL

nU
=

nL
e,d

nU
e,d

�QRV�U

�QRV�L
exp�−

hc

kB
�G�VU� − G�VL�

Tvib
+

F�JU� − F�JL�
Trot

�	
�20�

For rovibrational transition lines with a center wavelength of 
�
−�i

3�bhw,�, the line broadening is applied, and the absorption
coefficient for the species is summed over the molecular elec-
tronic systems.

3 Results and Discussion
To demonstrate the validity and efficiency of the spectral mod-

ule using the ERND, three test cases have been carried out and are
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presented in this section. The first case investigates the computa-
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ional efficiency for wavelength selection in the PMC ray tracing
cheme for both atomic and molecular spectral modules as well as
he accuracy of the sampled spectral emission distributions. One
rbitrary cell condition is used for emission calculations and both
tomic and molecular spectral emission obtained using the spec-
ral module are compared with NEQAIR spectral results. The sec-
nd case investigates the computational efficiency to carry out a
ull FV-PMC calculation using a total number of 10,000 cells.
ecessary steps for the FV-PMC method were considered and the
PU time was measured for each step. Finally, the FV-PMC
ethod was used to simulate atomic radiation for a one-

imensional disk with the Stardust stagnation line flow field at
8.9 km. The flow field was obtained with a DSMC simulation
nd the radiative source � ·q was compared with NEQAIR tangent
lab results. For these demonstrations, dual 2.4 GHz AMD
pteron Processors were used.

3.1 Accuracy and Spectral Emission Investigation. One ar-
itrary cell condition was used to examine the accuracy and wave-
ength selection efficiency of spectral modules using the ERND.
mission energies of four species �N, O, N2

+, and N2� were con-
idered. Two transitions for N2

+, N2
+�1−� and N2

+ �Meinel�, and two
ajor transitions for N2, N2�1+� and N2�2+�, were considered,

espectively. In order to have the emission energy of each species
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Fig. 3 Comparison of spectral emission of atomic
o be of the same order, the cell condition was selected as follows.
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Temperatures �Ttr ,Trot ,Tvib ,Te� are 31,113 K, 18,027 K, 12,280 K,
14,888 K, respectively. Number densities of radiating species �N,
O, N2

+, N2, N+, and O+� and electrons were 1.34�1016, 1.01
�1017, 2.27�1016, 1.75�1019, 1.59�1014, 1.24�1014, 5.02
�1014, respectively. Using this cell condition, emission energies
per unit volume Qemis�isp� were calculated using the spectral mod-
ule and ERND and for N, O, N2

+, and N2, are 790.9 W /cm3 /sr,
779.3 W /cm3 /sr, 522.1 W /cm3 /sr, and 498.9 W /cm3 /sr, re-
spectively. 5�106 samples were taken using this cell condition,
and the number of photon bundles for each emitting species were
1,523,992, 1,502,284, 1,002,381, 895,369, respectively. The ratio
of number of samples for each species agree well with the ratio of
emission energies.

Considering only atomic N and O radiation, the CPU time is
approximately 220 s for 5�106 wavelength selections. On the
other hand, for the two diatomic species N2

+ and N2 only, the CPU
time is approximately 1600 s. For diatomic species, one needs to
calculate several electronic systems for each species and, in addi-
tion, in each molecular electronic system there are many rovibra-
tional transition lines, making them computationally more expen-
sive than atomic species.

In Fig. 3, spectral emission of atomic species using the spectral
module with the ERND is compared with NEQAIR. The photon

ngth, Å
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bundle energy per sample is calculated as Qemis,tot /�� /Nsample.
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his energy is added to a wavelength column �equally spaced in
�=0.005 Å increments�, if the spectral module selects a wave-

ength within the column for the sample. Most selected samples
ere wavelengths within bb transition lines and good agreement

s shown between the spectral module and the NEQAIR results.
ith 10�106 samples, the difference between the spectral mod-

le result and NEQAIR is less than 1% in the top figure. With 1
106 samples, the difference is approximately 5%. Detailed com-

arisons of spectral emission between the spectral module and
EQAIR for the strongest lines at 1200.079 Å for N and
302.677 Å for O are also shown in the figure. Good agreement is
ound between the two results and line broadening �here Doppler�
s well represented by the spectral module. At any selected wave-
ength, spectral absorption coefficients also agreed well with those
f NEQAIR. Accuracy investigation was performed for the spec-
ral emission of N2

+ between 3000 Å and 5000 Å using the spectral
odule with ERND with a resolution of 0.1 Å. Since there are so
any lines for molecules, more samples are required to reproduce

pectral emission. For N2
+ spectral emission, the difference be-

ween the spectral module and NEQAIR is less than 5% with
0�106 samples and 2% with 50�106 samples.

3.2 Computational Efficiency Investigation. In this subsec-
ion, the computational efficiency of FV-PMC calculations is in-
estigated. Considering the FV-PMC method for an actual flow
imulation, the total number of cells was set to 10,000. Tempera-
ures and number densities in each cell were randomly chosen.
ecessary steps for the FV-PMC method were considered and the
PU time was measured for each step. Four species �N, O, N2

+,
nd N2� were considered, and the ERNDs for these species were
reated. In this case, for N2

+, two ERNDs were created for the two
olecular electronic systems, N2

+�1−� and N2
+ �Meinel�. For N2,

wo major electronic systems, N2�1+� and N2�2+�, were selected
rom among five molecular electronic systems, and ERNDs were
reated for them. In order to employ the FV-PMC method for
tomic and molecular radiation, the necessary steps are as follows:

1. Fi and Gi function interpolations
2. ne,d and QRV evaluations for molecules
3. total emission evaluation for four species in each cell
4. wavelength selection for ten photon bundles in each cell
5. ten absorption coefficients for each photon bundle

For each procedure, computational time was calculated and
ompared in Table 2. Step 1 is required to determine absorption
oefficients of atomic species, and a spline interpolation scheme is
sed for electron temperature and linear interpolation for electron
umber density. In step 2 one needs to calculate the electronic
xcited states for each cell solving the 4�4 matrix in the QSS
ssumption. Also, for the partition function calculations for each
lectronic level, the QRV is calculated as the summation over all
ibrational and rotational levels. This can be improved if QRV is
atabased as a functions of Trot and Tvib. In step 4, one needs to
elect a wavelength for each photon bundle and the total number
f photon bundles is 100,000. In step 5, the total number of ab-
orption coefficient calculations is 1�106. Note that this number

Table 2 Computational time

tep Species Cells Samples
CPU time

�s�

1 N, O 10,000 6
2 N2

+, N2 10,000 38
3 N, O, N2

+, N2 10,000 1
4 Selected 10,000 10 6
5 Selected 10,000 10 8
epends on the optical thickness of the flow and how far the

ournal of Heat Transfer
photon bundle travels over cells. As one can see, the computa-
tional times for steps 3–5 are small. However, step 2 is more
expensive compared with other procedures but efficient enough to
allow inclusion of molecular radiation in tight coupling between
the FV-PMC method and a flow field solver. During the develop-
ment of the present spectral modules this test was used to identify
inefficiencies in each individual schemes. The present results are
for the optimized schemes described in this paper. All in all, the
spectral module is so efficient that the FV-PMC method for both
atomic and molecular radiation can be tightly coupled with a flow
field solver.

3.3 Full Flow Field Monte Carlo Simulation. A full dem-
onstration of our spectral module was performed using the Star-
dust reentry flow field at 68.9 km, as calculated by a DSMC
simulation �11�. The Stardust stagnation line flow field at 68.9 km
mapped to a one-dimensional disk �34�5 cells� was used in the
calculation to allow comparison with NEQAIR, which is limited
to 1D �tangent slab� solutions and only atomic radiation was con-
sidered in the comparison �14�. Figure 4 shows combined N and O
contributions to local volumetric emission 4�Qemis and the local
radiative source

� · q = 4�Qemis −�
0

��
4�

��I�d�d� �21�

It is seen that agreement is excellent, well within one standard
variation in the PMC results. For the PMC method, the standard
variation in � ·q is set to 0.1 and the total number of photon
bundles is approximately 250�106. Because this case is optically
very thick and almost 1D, PMC calculations are more expensive
than those for NEQAIR.

4 Conclusions
New efficient spectral modules and ERNDs have been devel-

oped for both atomic and diatomic species to allow for PMC
calculations of hypersonic nonequilibrium flow radiation. The
QSS assumption was used to generate electronic state populations
of atomic and diatomic gas species. By using the QSS assumption,
the spectral module can produce accurate spectral emission coef-
ficients for nonequilibrium flows and can select wavelengths for
photon bundles efficiently. For atomic N and O, bb transitions and
continuum radiation were databased separately. For the bb contri-
bution, all accumulated bb line strengths were databased as a
function of electron temperature and number density as well as the
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ratio of ion to neutral number density. For continuum radiation,
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artially integrated emission was databased with a constant reso-
ution wavelength. For the diatomic species N2

+, N2, O2, and NO,
RNDs were generated for each electronic molecular electronic
ystem. In each molecular electronic system, the accumulated
ovibrational transition lines were divided by the electronic upper
tate population for the electronic system, and the normalized
ines were stored with a resolution of 2 Å as a function of rota-
ional and vibrational temperatures. To improve the computational
fficiency, a bisection scheme in terms of line indices was imple-
ented for preselection of the wavelength range and another bi-

ection in terms of wavelength was performed after the preselec-
ion. The developed spectral module optimizes computational
fficiency for emission calculations, wavelength selections of pho-
on bundles, and absorption coefficient calculations in the ray trac-
ng schemes used in the PMC method.
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omenclature
bhw � half width of the Doppler broadening, Å

c � speed of light, 2.9979�1010 cm /s
e � electron charge, 4.8030�1010 statcoul
E � energy, W
F � rotational energy quantum level for a molecule,

cm−1

Fi � assembled collisional and radiative coefficient
of electronic state i, dimensionless

G � vibrational energy quantum level for a mol-
ecule, cm−1

Gi � assembled collisional and radiative coefficient
of electronic state i, dimensionless

h � Planck’s constant, 6.6262�10−34 J s
isp � species index
I� � spectral intensity, W /cm2 /sr /Å
J � rotational quantum number, dimensionless
k � line index

kB � Boltzmann’s constant, 1.3806�10−23 J /K
n � number density, cm−3

nU
e,d � modified upper electronic state population of

molecule, nU
e,d=nU

e � �2JU+1�
Qemis � integrated emission coefficient, W /cm3 /sr

Qemis,� � partially integrated emission coefficient,
W /cm3 /sr

QRV � rovibrational partition function, dimensionless

R � uniform random number between 0 and 1

23406-8 / Vol. 132, FEBRUARY 2010
T � temperature, K
Vcl � volume of a cell, cm3

�� � emission coefficient, W /cm3 /sr /Å
�i � emission line strength at the centerline,

W /cm3 /sr
�� � absorption coefficient, cm−1

�i � absorption coefficient line strength,
dimensionless

� � wavelength, Å
���� � line broadening function, Å−1

+ � ion
RV � rotational and vibrational temperature depen-

dence �divided by nU
e,d�

� � normalized quantity
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